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Abstract 

Our aim in this paper is to obtain necessary and sufficient conditions for weighted shift 
operators on the Hilbert spaces and t^(N) to be subspace-transitive, consequently, 

we show that the Herrero question [5] holds true even on a subspace of a Hilbert space, i.e. 
there exists an operator T such that both T and T* are subspace-hypercyclic operators for 
some subspaces. We display the conditions on the direct sum of two invertable bilateral 
forward weighted shift operators to be subspace-hypercyclic. 


1 Introduction 

A bounded linear operator T on a separable Hilbert space H is hypercyclic if there is a vector 
X € H such that Orb(T,x) = {T^x : n > 0} is dense in H, such a vector x is called hyper¬ 
cyclic for T. The first example of a hypercyclic operator on a Banach space was constructed 
by Rolewicz in 1969 m- He showed that if B is the backward shift on then XB is 

hypercyclic if and only if |A| > 1. The hypercyclicity concept was probabely born with the 
thesis of Kitai in 1982 [7] who introduced the hypercyclic criterion to ensure the existence of hy¬ 
percyclic operators. For more information on hypercyclic operators we refer the reader to mi]. 

In 1991, Herrero [5] asked for the existence of a hypercyclic operator T such that its adjoint is 
also hypercyclic, in the same year, Sales [12] constructed such an example. 

In 1995, Salas [T3] gave necessary and sufficient conditions for weighted shift operators to be 
hypercyclic or supercyclic and consequently, he found another example supporting Herrero’s 
question. However, that characterization was so complicated; therefore, Feldman |3] found 
some simpler conditions for the invertable shift case and consequently, he showed that the 
same conditions hold also for non invertable case but by considering that the negative or pos¬ 
itive weights are bounded below. 

In 2011, Madore and Martinez-Avendaho [9] studied the density of the orbit in a non-trivial 
subspace instead of the whole space and called that phenomenon the subspace-hypercyclicity. 
For the series of references on subspaces-hypercyclic operators see liiHiiniiis 

Definition 1.1. Let T G B{H) and M. be a closed subspace o/LL. Then T is called M- 
hypercyclic or subspace-hypercyclic operator for a subspace Ai if there exists a vector x € TL 
such that Orb{T, x) r\ Ai is dense in A4. We call x an Ai-hypercyclic vector for T. 
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Definition 1.2. Let T € B{'H) and A4 be a closed subspace of LL. Then T is called 
Ad-transitive or subspace-transitive for a subspace A4 if for each pair of non-empty open sets 
Ui, U 2 of AA there exists ann such that T~^Ui r\U 2 contains a non-empty relatively open 
set in AA. 

Theorem 1.3. Every AA-transitive operator on TL is AA-hypercyclic. 

Proposition 1.4. |I]/ Let T € B{T-L). The following statements are equivalent: 

1. T is AA-transitive. 

2. for all x,y € AA, there exist sequeces {xk\ G AA and {uk} € N such that for all k > 1, 
T'^kAA C AA and as k ^ 00 , {xk} —>■ x and T^'^Xk —>■ y. 

3. for each x,y G AA and each neighborhood W for zero in AA, there exist z G AA and n G N; 
such that x — z G W, T'^z — y GW and T^AA C AA. 

In the present paper, we follow the line of Sales’s proofs [13] and Feldman’s proofs |3] to give 
the main results of this paper. Throught Theorem 12.31 fProposition 12.6|) . we display neces¬ 
sary and sufficient conditions for an invertable bilateral forward (backward) weighted shift on 
a Hilbert space to be a subspace-transitive operator. Then, Theorem 12.41 (Proposition 

mi) shows that the same conditions still hold for non invertable bilateral forward (backward) 
weighted shifts but under an extra condition. Consequently, we show that the Herrero question 
[^ still holds for subspace-hypercyclic operators; i.e, there is an operator T such that both T 
and its adjoint are subspace-hypercyclic for some subspaces; however, we dont know whether 
they are subspace-hypercyclic for the same subspace or not. Also, we characterize the direct 
sum of bilateral forward weighted shifts that are subspace-hypercyclic in terms of their weighte 
sequences. 

Finally, we characterize unilateral backward weighted shift operators that are subspace-hypercyclic 
in term of their weight sequences. 


2 Main results 

All subspaces AA in this section are supposed to be topologically closed. We will suppose that 

F = {mr : r e N and Cm,. G Schauder basis for AA} 

The next two Theorems give necessary and sufficient conditions for a bilateral weighted shift 
operator on the Hilbert space £^(Z) to be A4-transitive. 

Let T be the bilateral forward weighted shift operator with a weigh sequence {wn}, then 
T{er) = WrCr+i for all r Gh. Let S be the right inverse (backward shift) to T and be defined 
as follows: S{er) = —Cr-i. Observe that TScr = Cr for all r G Z. If T is invertable then 

T-i =S. 




r — k 


T^{emr) = H emr+k and S’^ie^r) = 


J—rUr 


1 ^3 
J—nir — l 


^rrir — k 


The proof of some results in this section follow the lines of [13] and [3]. 


Theorem 2.1. Let T be a bilateral forward weighted shift in the Hilbert space £^(Z) with a 
positive weight sequence and AA be a subspace of (AIfiA). If for a given J > 0 and 

q G N, there exist an arbitrary large positive number n such that T^AA C JA. Then T is 
AA-transitive if and only if for all mj G F with \mj\ < q 
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1 

Wk < S and - < <5 


k—rrij 


k—l-m-j 


'W-k 


Proof. Let T be an A4-transitive operator, then by Proposition [O] there exist a vector x € M 
such that for 0 < e < 1 


X y ^ Cn 

|m^ \<q 

rrij^T 


< e 


(1) 


Also one can find a large n; n > 2q, such that T^Ai C A4 and 


T-x- Y. 


|mp<, 

ruj 


< e 


( 2 ) 


Inquality o implies that \xmj \ > 1 — e if \mj\ < q and \xmj \ < e otherwise. Since n > 2q 
inquality (ED implies that for \mj\ < q 


/n—1 


l^mj I ||P ^'’^3 II — l^mj I I ‘^k+rrij 1 ^ ^ 


It follows that 


'^k+rrij j ^ 


\k=0 


\k=0 


I-1 < I- < ^ 

\xmA 1-e 


(3) 


Also inquality ([2) implies that ^Xmj-niT'^^m^-n) — &mj || < e for \mj \ < q. Thus 


—r 


'^mj—n-\-k 1 


A;=0 




'^rrij —k 1 


fc=l 


< e 


Therefore 


n j 


(4) 


\k^l 


The proof follows by equation ED and ED- 


Conversely, let J > 0, g G N, and n be an arbitrary large positive number n such that C 

M. and 


mj +n—1 


P Wk < S and 


I 


< ^ 


k—r 


k—l—r, 


W-k 


for all mj G T with \mj\ < q. Let x = Xjemj and y = X]i>nji<<! Vj^mj be two vectors in 

mj^X" rrij^T 

the span of {cm, '■ \^j\ < ?}■ Then 


mj-\-n — l 


||7’”a:|| < < P Wk ■■ \mj\ < q > \\x\\ 


k—m-i 
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and 


\\s-y\\<{ n 


k—l—m. 


W-k 


■\mj\<q} ||y|| 


It is not difficult to apply [H Lemma 2 .2.] for the subspace-transitivity case. Thus one can 
argue that T is Af-transitive. □ 

Lemma 2.2. Let T be an invertable bilateral weighted shift, {uk} be an increasing sequence of 
positive integers such that ^ oo as /c —> oo and T"''C At for all k G N. If there exists 
an rui G J- such that r"'=emi ^ 0 as fc —>■ oo, then T^^Cmr 0 for all nir G T. 


Proof. Since T^'’M C Al, the proof is analogous to the proof of [31 Lemma 3.1.]. 


□ 


Theorem 2.3. Let T be an invertable bilateral forward weighted shift in the Hilbert space 
£^(Z) with a positive weight sequence and M. be a subspace of Let {rife} he an 

increasing sequence of positive integers such that rife —> oo as k ^ oo and T"''Af C M for all 
k G N. Then T is M.-transitive if and only if there exists mi G H such that 


rrii+nk—l 

lim I I 

k—¥oo ^ 
j=rni 


Wj = 0 and lim 

k—^oo 


Ik—mi - 

n ^ 


= 0 


(5) 




Proof. To Prove the “if” part , we will verify the Af-hypercyclic criterion with D = Di = D 2 
be a dense subset of M consisting of sequences that only have a finite number of non-zero 
entries. Let x G D, then it is enough to show that x = rn^ G T. In addition, by Lemma 
12.21 it suffices to show that —>■ 0 and —>• 0. However, that is clear because 

mi+rifc —1 mj—rifc ^ 

||T"'“emi|| = 0 and 0. Moreover it is clear that 

j—rrii j—rrii — l ^ 

T^kgrik^ _ 2 ;, By taking Xk = 5”'“a;, it is clear that the conditions of Al-hypercyclic criterion 
are satisfied. 

The proof of the “only if” part follows from Theorem 12.II □ 

It is well known that a weighted shift operator T is invertable if and only if there exists b > 0 
such that |ra„| > b for all n S Z. The next theorem shows that the above theorem still holds 
by assuming that there exists b > 0 such that Wn > b for all n < 0. 

Theorem 2.4. Let T be a bilateral forward weighted shift in the Hilbert space with a 

positive weight sequence {ran}„gz, Wn > b > 0 for all n < 0 and M. be a subspace of PifEL). 
Let {rife} be an increasing sequence of positive integers such that nfe —>■ 00 as fc —>■ 00 and 
C A4 for all k G N. Suppose that there exist mi G T such that mi > 0, then T is 
M-transitive if and only if 


rrii+nk—l 


lim 

k—¥oo 


n 

j=rni 


Wj = 0 and lim 

k—¥oo 


n 


1 


= 0 


( 6 ) 




Proof. For “if” part, we will verify Theorem 12.II Let e > 0, g € N and let <5 > 0; by hypothesis 
there exists an arbitrary large Uk G {rife} such that r"'“A4 C Al and mi G J- such that nii > 0 
and 

mi+rifc —1 rifc—mi ^ 


n 


Wj < S and 


n 


< <5 
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Let n = Uk + TTii + q + 1 (which ensure that irip + n — 1 > for all \mp\ < q). Now, for 

all nip G J- with \mp\ < q we have 


n+mp —1 

n 

j^rup 


< 


' tyIt) — ! 


' run — l 


n 


'mi+nfc-1 


n+rrip —1 


n 


Wj 


n 


yj^rui 
( TYItj — I 


'mi+nfc —1 


j^rup 

n+rrip —1 




n 


Wj 


n 


Wj 




J^rui 


ij—rui+nk 


( mi-\-nk — l 

n I ii^'9ii 

j^rrii 

< CS\\T^q\\. 


where C is a constant depending only on q. 
nip G T with \nip\ < q. 


n+rrip —1 

So, if 5 then Wj < e for all 

j=mp 


Also, with the same choice of n, the condition nii > 0 (which ensure that n — nip > +1) 

and IrUpl < q we have 


n 


■ 1 

j = l-mp ■> 


< 



nk—rrii 

n 


U'=l-”ip 





where 6 is a lower bound for the negative weights and L is a constant depending only on q. 

n—rrip 

^ TT 1 


Hence, if (5 < then 


< e for all nip G T with |mp| < q. 


j=l-mp 


The converse side follows immediately by Theorem 12.II 


□ 


The following Theorem can be proved by the same arguments for proving Theorem [231 there¬ 
fore, we will state it without proof. 

Let Ml and A ^2 be closed subspaces of the Hilbert space £^(Z). Suppose that 


Fi = {nir : r e N and Cm,. G Schauder basis for Mi} 


and 


J ^2 = {hr : r G N and G Schauder basis for M 2 } 


Theorem 2.5. Let Ti and T 2 be invertable bilateral forward weighted shifts in the Hilbert 
space with a positive weight sequence {wn}^^'^ and {art}„gz, respectively. Let Mi and 


M 2 be subspaces of PifL). Let {rife} be an increasing sequence of positive integers such that 
rife —)• 00 as fc —>■ 00 and (Ti © T2)"''(A4i © M 2 ) C Mi © M 2 for all k G N. Then Ti © T 2 is 
A^i © M 2 -transitive if and only if there exist nii G Hi and hp G T 2 such that 


lim max 

k—¥oo 



= 0 


(7) 
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and 


lim max 

k—^oo 


rife —rrii 

n 


j^l-TUi 



fT’k k,p 

n 


j=l-hp 



= 0 


( 8 ) 


It can be easily shown that the above theorem does not hold just for two operators but for a 
finite number of invertable bilateral forward weighted shifts. 

By the same way we can characterize the Af-hypercyclic backward weighted shifts since they 
are unitarily equivalent to forward shifts. 


Proposition 2.6. Let T be an invertable bilateral backward weighted shift in the Hilbert space 
£^(Z) with a positive weight sequence {rcrt}„gz and A4 be a subspace o/£^(Z). Let {uk} be an 
increasing sequence of positive integers such that ^ oo as fc —>■ oo and C At for all 

k G N. Then T is Ad-transitive if and only if there exists nii € T such that 

mi+rik — l nk—mi ^ 

lim I I W-j = 0 and lim I I — = 0 

k—^oo k—^oo Wj 

j—rrii j—l — rrii 

Proposition 2.7. Let T be a bilateral backward weighted shift in the Hilbert space with 

a positive weight sequence {wn}n^z’ ^ > 0 for all n < 0 and Ad be a subspace o/£^(Z). 

Let {uk} be an increasing sequence of positive integers such that —>■ oo as fc ^ oo and 
T^kAd C Ad for all k € N. Suppose that there exist rui G if such that rui > 0, then T is 
Ad-transitive if and only if 


rrii+nk — l 


lim 

k—¥oo 


T/tfj J. IILi ^ 

n w-n = 0 and lim 1 [ — = 0 

h. —rv) J- J- 7 /1 • 


J^rui 


k^oo ^Wj 
j—l — rrii 


The following example shows that the Herrero question holds true even on a subspace of a 
Hilbert space. 


Example 2.8. There exists an operator T such that both T and T* are subspace-hypercyclic 
for some subspaces. 

Proof. One can construct a weight sequence {w„} such that {wn} satisfies the conditions of 
Theorem 12.31 for a subspace Ati and satisfies the conditions of Proposition 12.61 for a subspace 
At 2 - If we set T to have the weight sequence {wn}, it immediately follows that both T and 
T* are subspaces-transitive operators for Adi and Ad 2 respectively . □ 

Since T'^{Ad) C Ad if and only if T*”(Ad'*') C Ad'*-, then one may conjecture that T is Ad- 
transitive if and only if T* is Ad-’--transitive. However, that is not true 


Example 2.9. Let B be a unilateral backward shift operator and 


Ad = {{Xn}^=o '■ = 0 for all n G N} C £*^(N) 

Then 2B is Ad-hypercyclic see m Example 3.7.]). However {2B)* = 2F, where F is the 
unilateral forward shift, which can not be Ad'^-subspace, since unilateral forward shift can 
never be subspace-hypercyclic for any subspaces. 

Question 1. IfT is Adi-transitive and T* is Ai 2 -transitive, Is there any relation between Ad 2 
and Adf ? 

We now turn to the unilateral weighted shift operators acting on £^(N). Let H be a unilateral 
backward weighted shift operator with a positive weight sequence {wn ■ n G N} then B is de¬ 
fined by Beo = 0 and i?e„ = for all n > I, and let F be a unilateral forward weighted 
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shift operator with a positive weight sequence {wn : n € N} then F is defined by Fe„ = WnSn+i 
for all n > 0. We will suppose that Q = {m^ : r G N and Cmr & Schauder basis for M.}. 

It is clear that unilateral forward weighted shifts can not be subspace-hypercyclic operators 
for any subspaces; therefore, we will characterize only the unilateral backward weighted shifts 
that are subspace-hypercyclic operators for some subspaces. 

Theorem 2.10. Let B be a unilateral backward weighted shift operator on £^(N) with positive 
weight sequence {wn : n G N} and M be a subspace ofi'^fN). Let {uk} be an increasing sequence 
of positive integers such that {n^} —> oo as fc —>■ oo and C M for all fc G N. Then B 

satisfies Ai-hyperccyclic criterion with respect to the sequence {uk} if and only if there exists 
an rrii G Q such that 

lim sup {Wmi + lWmi+2 ■ ■ • Wrm+n) OO 

n—>oo 

Proof. For the “if” part, let {uk} be an increasing sequence of positive integers such that 
{uk} —>■ OO as fc —>• OO and C M for all fc G N, and let D = Di = D 2 made up of 

all finitely supported sequences subsets of M, then it is clear that D is a dense subset of M.. 

Then for all x G D, B^’=x = 0, since x has only finite numbers of nonzero elements. Let Xk = 
l/{Wmi + lWmi +2 ■ ■ . Wm.i+njF^’’V C M. By hypOthesis, ||a:fe|| = l/{\Wmi + lWmi +2 ■ ..Wjni+nkl) ll^"''J/|| ^ 
0 as fc —>■ OO, hence the result. 

For the “only if” part, suppose that {uk} is an increasing sequence of positive integers such 
that {uk} —>■ OO as fc —>• OO and B'^’^M C M for all fc G N, and suppose that B sat¬ 
isfies Al-hyperccyclic criterion with respect to the sequence {uk} and mi G Q such that 
limsup„_^o, 3 (iymi+iWmi +2 • • -Wnii+n) —^ OO. Since the set of all Al-hypercyclic operators are 
dense in Ai, then by Proposition 11.41 one may find x G Ad and a nonzero n G N such that for 
any 0 < e < 1 

Ik - em, II < e and WB'^x - || < e 

Suppose that x = (a:o,xi,...). From the first inquality, it follows that 

ki| < e for alH G N; i k (9) 

From the second inquality, it follows that 

\^n+raAl+raA2+mi • ■ • '^n+rtii 1^1 ^ (f9) 

From Equations (jH]) and m, we get wi+rni'W 2 +Tni ■ ■ ■ Wn+nii > By Setting e 0, we get 
the result. □ 

We will suppose that 

Qi = {mr : r G N, Cmr & the Schauder bases for Adi} 


and 


Q 2 = {hr : r- G N, G the Schauder bases for Ad 2 } 


Corollary 2.11. Let Bi and B 2 be unilateral backward weighted shifts in the Hilbert space 
with a positive weight sequence and {an}„gpj, respectively. Let Adi and AI 2 

be subspaces of and let {uk} be an increasing sequence of positive integers such that 

{uk} —>-00 as k ^ OO and [Bi © B 2 )'^^ (Ali © Ad 2 ) Q Adi © AI 2 for all k gN. Then Bi © B 2 
satisfies Adi (B Ad 2 -hypercyclic criterion with respect to {uk} if and only if there exists mi G Gi 
and hp G G 2 such that 

sup {min {ahj, + iahj,+2 ■ ■ ■ a/tp+n), {Wrai + lWmi+2 ■ ■ ■ Wmi+n)} = OO 
ngN 
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